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CASIMIR EIGENVALUES FOR UNIVERSAL LIE ALGEBRA
R. L. MKRTCHYAN, A. N. SERGEEV, AND A. P. VESELOV
Abstract. For two different natural definitions of Casimir operators for simple Lie
algebras we show that their eigenvalues in the adjoint representation can be expressed
polynomially in the universal Vogel’s parameters α, β, γ and give explicit formulae for the
generating functions of these eigenvalues.
1. Introduction
Let’s introduce a projective plane with coordinates α, β and γ modulo common
multiplier. Quotient space of this projective plane by permutations of these three
parameters is called Vogel plane. This is a moduli space of the tensor category,
which is meant to be a model of the universal simple Lie algebra [1, 2, 3]. The
simple Lie algebras correspond to the values of the parameters given in Table 1,
where t = α+ β + γ.
Table 1. Vogel’s parameters for simple Lie algebras
Type Lie algebra α β γ t = h∨
An sln+1 −2 2 (n+ 1) n+ 1
Bn so2n+1 −2 4 2n− 3 2n− 1
Cn sp2n −2 1 n+ 2 n+ 1
Dn so2n −2 4 2n− 4 2n− 2
G2 g2 −2 10/3 8/3 4
F4 f4 −2 5 6 9
E6 e6 −2 6 8 12
E7 e7 −2 8 12 18
E8 e8 −2 12 20 30
The normalisation of parameters follows [3] and corresponds to the so-called
minimal choice of the bilinear form, when the square of the length of the maximal
root is chosen to be 2. In all cases except Cn and G2 this coincides with the choice
of Bourbaki, see tables I-VIII at the end of [4] (in Cn and G2 cases the Bourbaki’s
choice is 2 and 3 times the minimal form respectively). Note that the parameter
t = h∨ in this normalisation coincides with the dual Coxeter number.
We are interested in the quantities that can be expressed in terms of the universal
parameters in an analytic (say, rational) way. An example is the dimension of the
corresponding simple Lie algebra g, which can be given by the following expression
[1, 2]:
(1) dim g =
(α− 2t)(β − 2t)(γ − 2t)
αβγ
1
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In this note we show that this formula is a consequence of a more general state-
ment:
(2) Cˆ(z) = −2z
d
dz
ln
(16t2 − (2t− α)2z)(16t2 − (2t− β)2z)(16t2 − (2t− γ)2z)
(16t2 − α2z)(16t2 − β2z)(16t2 − γ2z)
for the generating function
Cˆ(z) =
∞∑
k=0
Cˆ2kz
k
of the eigenvalues of certain Casimir operators Cˆ2k in the adjoint representation of
g (see Section 3 below).
We compute also the generating function for the following standard choice of the
Casimir operators [6, 7, 8, 9]. Namely, consider the following elements of the centre
of the universal enveloping algebra Ug
Cp = gµ1...µpX
µ1 ...Xµp , p = 0, 1, 2, ...
where Xµ are the generators of g, gµ1...µn = Tr(Xˆµ1 ...Xˆµn), the trace is taken in
the adjoint representation of g and the indices are lowered using the Cartan-Killing
form. We show that the generating function of the eigenvalues of these Casimir
operators in the adjoint representation can be given in terms of the universal pa-
rameters by the formula
(3) C(z) = dim g+ z2
16t3 + 28t3z + (14t3 + ts− 3p)z2 + (2t3 + ts− 2p)z3
(2t+ αz)(2t+ βz)(2t+ γz)(2 + z)(1 + z)
with dim g is given by (1) and (in Vogel’s notations [2])
s = αβ + βγ + αγ, p = αβγ.
All the formulas of this paper work as well for the classical Lie superalgebras
sl(m,n) and osp(p, q) with non-zero t and (super)dimension, which means that
m − n 6= 0,±1 and p − q 6= 0, 1, 2 respectively. The exceptional cases are not
particularly informative since in Vogel’s approach f4 and g3 are equivalent to sl3
and sl2 respectively (see [2]) and in the (potentially most interesting) case of D2,1,λ
the parameter t = λ1 + λ2 + λ3 = 0 (see table below).
Table 2. Vogel’s parameters for basic classical Lie superalgebras
Lie superalgebra α β γ t
slm,n −2 2 m− n m− n
ospp,q −2 4 p− q − 4 p− q − 2
f4 −2 2 3 3
g3 −2 2 2 2
D2,1,λ λ1 λ2 λ3 0
2. Eigenvalues of universal Casimir operators in adjoint
representation
Following [6, 7] define the universal Casimir operators for any simple Lie algebra
g as the following elements of the centre of the corresponding universal enveloping
algebra Ug
(4) Cp = g
µ1...µpXµ1 . . .Xµp , p = 0, 1, 2, ...
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where Xµ are the generators of g,
(5) gµ1...µn = Tr(Xˆµ1 . . . Xˆµn),
where the trace is taken in the adjoint representation of g and the indices are lifted
using the canonical Cartan-Killing form
gµν = Tr(XˆµXˆν)
(see for the details Chapter 9 in [9]).
We should mention that some authors (most notably Gelfand [10]) use a com-
pletely symmetrised version
(6) Csp = h
µ1...µpXµ1 ...Xµp ,
where
hµ1...µn =
1
n!
∑
σ∈Sn
Tr(Xˆµσ(1) . . . Xˆµσ(n))
with the sum taken over all permutations. In this paper we will not consider these
symmetric Casimir operators (see though concluding remarks).
Since adjoint representation is irreducible the Casimir operator Cp acts as a
scalar operator with the eigenvalue, which we also denote as Cp. We claim that
these eigenvalues can be expressed in the terms of the universal parameters α, β, γ
as follows.
Let as before
t2 = α
2 + β2 + γ2, t3 = α
3 + β3 + γ3.
Theorem 1. The generating function C(z) =
∑
∞
p=0 Cpz
p has the form
C(z) =
(α − 2t)(β − 2t)(γ − 2t)
αβγ
(7)
+ z2
96t3 + 168t3z + 6(14t3 + tt2 − t3)z
2 + (13t3 + 3tt2 − 4t3)z
3
6(2t+ αz)(2t+ βz)(2t+ γz)(2 + z)(1 + z)
.
In particular, the first few Casimir eigenvalues are
(8) C0 = dim g, C1 = 0, C2 = 1, C3 = −
1
4
, C4 =
3tt2 − t3
16t3
.
For the proof we use the following expression for Ck found by Okubo [11]:
(9) Ck =
∑
V
dimV
dim g
(
C2(V )− 2C2(ad)
2
)k
where the sum is taken over all irreducible representations V , appearing in the
tensor square ad⊗ ad of the adjoint representation ad.
The tensor product ad ⊗ ad naturally splits into symmetric and antisymmetric
subspaces. The symmetric part in all cases except sl2 and so8 (which should be
treated separately, see below) according to [1, 2, 13] decomposes into four irreducible
representations - singlet, and three irreducible representations Y2(α), Y2(β), Y2(γ)
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with the dimensions 1
(10) dimY2(α) = −
(
(3α− 2 t) (β − 2 t) (γ − 2 t) t (β + t) (γ + t)
α2 (α− β) β (α− γ) γ
)
(other dimensions given by permutation of parameters). The value of C2 on these
representations is zero for singlet, and 2 − α/t, 2 − β/t, 2 − γ/t respectively (see
[2, 3]), which is actually definition of universal parameters α, β, γ.
Antisymmetric subspace decomposes into the adjoint representation and the re-
maining part X2 with dimension
dimX2 =
dim g (dim g− 3)
2
and the value of C2(X2) = 2 (see [14]). Combining all this we have
C(z) =
1
dim g
(
dimY2(α)
1 + αz/2t
+
dimY2(β)
1 + βz/2t
+
dimY2(γ)
1 + γz/2t
+
1
1 + z
)
(11)
+
1
1 + z/2
+
1
2
(dim g− 3),
which after some calculations leads to the formula (7). In terms of the symmetric
functions
s = αβ + βγ + αγ, p = αβγ
the generating function has the form (3).
In the special case of sl2 the symmetric part of ad⊗ad is the sum of trivial repre-
sentation and 5-dimensional irreducible representation with the eigenvalue C2 = 3.
In the anti-symmetric part we have only adjoint representation. This leads using
Okubo’s result to the formula
C(z) =
5
3
1
1− 1
2
z
+
1
1 + 1
2
z
+
1
3
1
1 + z
= 3 + z2
3z + 4
(2 − z)(2 + z)(1 + z)
.
One can check that this coincides with (7) when α = −2, β = γ = 2.
A similar calculation for so8 gives
C(z) =
1
28
(
300
1− 1
6
z
+
105
1 + 1
3
z
+
1
1 + z
)
+
1
1 + 1
2
z
+
25
2
,
which coincides with (7) for α = −2, β = γ = 4. This completes the proof of
Theorem 1.
Direct calculation of the Casimir eigenvalues for unitary and orthogonal groups
show the agreement with (7). Note that symplectic case is automatically covered
by n→ −n duality [15, 16, 17], which is also part of the universality picture.
To show how it works let us consider the eigenvalue of the quartic Casimir C4
for the orthogonal groups SO(n). According to [16] (see Table 7.3 on page 72) its
value (in a different normalisation) is given by
(n− 2)(n3 − 9n2 + 54n− 104)
8
.
1For the exceptional Lie algebras we have 3γ − 2t = 0 (see Table 1), so the component Y2(γ)
disappears in this case (cf. [1]). In the case of sl2 and so8 we have β = γ and the formula
(10) can not be used because of the zero at the denominator, see the discussion on page 383 in
Landsberg-Manivel [12].
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The universal parameters of SO(n) can be taken as
α = −2, β = 4, γ = n− 4,
so t = n − 2. So if we assume that the numerator is a symmetric polynomial of
α, β, γ, then we must have an equality
n3 − 9n2 + 54n− 104 = At3 +Btt2 + Ct3,
where
t2 = α
2 + β2 + γ2 = n2 − 8n+ 36, t3 = α
3 + β3 + γ3 = n3 − 12n2 + 48n− 8.
This gives 4 relations on three constants A,B and C, which in general should not be
consistent. In our case however we do have a solution: A = 0, B = 3/2, C = −1/2
in agreement with our formula (8).
Note that these calculations allow us to predict the eigenvalues of quartic Casimirs
for exceptional Lie algebras as well. The comparison with the calculations from [16]
shows the agreement in all cases except E7, which is probably due to a misprint in
[16].
The formula for quartic Casimir operator can be also extracted from the original
Vogel’s paper [2], where this operator is denoted as pi′ (see page 17). Theorem 18
of [2] states that an operator σ (which is simply related to pi′) is zero in the adjoint
representation (X1 in Vogel’s notation). This leads to the expression of pi
′ in terms
of the universal parameters, which is proportional to our C4.
It is interesting to note that as z →∞ we have
(12) C(z)→ (dim g− 3)/2,
which immediately follows from (11).
3. Casimir eigenvalues and root systems
Let h be a Cartan subalgebra of complex simple Lie algebra g and h∗ be its dual
space. The root system R ⊂ h∗ of g is defined as the set of non-zero weights of
adjoint representation of g with the highest weight λad being the maximal root in
R (denoted in [4] as α˜).
On h there is a non-degenerate canonical Cartan-Killing form
(13) K(X,Y ) = tr adXadY , X, Y ∈ h,
where adX : g → g is the standard adjoint action defined by adX(Z) = [X,Z]. In
terms of the roots the canonical form can be written as
(14) K(X,Y ) =
∑
α∈R
α(X)α(Y ) = 2
∑
α∈R+
α(X)α(Y )
for any choice of positive roots R+ ⊂ R. The corresponding induced form on h
∗ is
denoted in Bourbaki [4] as ΦR.
The classical result going back to Harish-Chandra says that the algebra of
Casimir operators (or the centre of the universal enveloping algebra U(g)) is iso-
morphic to the algebra of shifted symmetric functions on h∗, which are the functions
f such that f(wξ − ρ) = f(ξ − ρ), ξ ∈ h∗ for every w ∈ W from the Weyl group
W , where ρ ∈ h∗ is defined in a usual way as a half-sum of the positive roots
ρ =
1
2
∑
α∈R+
α.
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In particular, all functions of the form f = φ(ξ + ρ)− φ(ρ), where φ ∈ SW (h∗) is a
W -invariant function on h∗, have this property.
Consider now the Casimir operator CB2k corresponding to the function
(15) CB2k(λ) =
∑
α∈R
[(λ + ρ, α)2k − (ρ, α)2k] = 2
∑
α∈R+
[(λ+ ρ, α)2k − (ρ, α)2k].
Here λ ∈ h∗ can be considered as a weight of an irreducible representation V of g
with the eigenvalues of CB2k on V given by (15), where B = ( , ) is someW -invariant
bilinear form on h∗ (which is a multiple of the canonical one). Note that we can
consider here the odd powers as well but the corresponding CB2k+1 = 0.
The generating function
CB(λ, z) =
∞∑
k=0
CB2k(λ)z
k
can be written as
(16) CB(λ, z) = −2z
d
dz
lnFB(λ, z), FB(λ, z) =
∏
α∈R+
1− (λ+ ρ, α)2z
1− (ρ, α)2z
.
Now choose as B the minimal invariant bilinear form on h∗ normalised by the
condition that the maximal root has square 2 (in the induced metric). It is propor-
tional to the canonical form ΦR:
(17) B(α, β) = 2h∨ΦR(α, β),
where h∨ is the dual Coxeter number (see [5]).
Proposition 1. For any reduced root system R and the corresponding minimal
bilinear form B
(18) FB(λad, z) =
(4− (2t− α)2z)(4− (2t− β)2z)(4− (2t− γ)2z)
(4− α2z)(4− β2z)(4− γ2z)
with the parameters α, β, γ given in Table 1.
To prove this one can use the following key lemma.
Lemma 1. For any even or odd function φ(x)
(19)
∏
µ∈R+
φ((µ, λad + ρ))
φ((µ, ρ))
=
φ((α − 2t)/2)
φ(α/2)
φ((β − 2t)/2)
φ(β/2)
φ((γ − 2t)/2)
φ(γ/2)
The proof is based on the observation that the roots with (µ, λad) 6= 0 can be
organised in three ”strings” with the cancellations between consecutive numerators
and denominators within each string (cf. [3]).
As a corollary we have a universal formula for the eigenvalues
(20) Cˆ2k =
∑
α∈R
[< λad + ρ, α >
2k − < ρ, α >2k]
of the Casimir operators defined by the canonical form < α, β >= ΦR(α, β). Taking
into account the relation (17) and the fact that t = h∨ for the parameters in Table
1, we have the following
Theorem 2. The generating function Cˆ(z) =
∑
∞
i=0 Cˆ2kz
k of the canonically de-
fined Casimir eigenvalues in the adjoint representation of simple Lie algebras can
be expressed in terms of the universal parameters by formula (2).
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In particular, we have the following universal formulae: Cˆ2 = 1 and
(21) Cˆ4 =
2t3 + 3tt2 − t3
16t3
,
where t2 = α
2 + β2 + γ2, t3 = α
3 + β3 + γ3. The first formula follows directly from
the definition, but the second one is nontrivial (compare it with formula (8) above).
Note that
FB(λad, z)→ dim
2 g
as z →∞, which follows from the Weyl expression for the dimension and reproduces
Vogel’s formula (1). We do not have a similar explanation for (12).
4. Concluding remarks
We have considered two different sets of the Casimir operators and found a com-
pact form for the generating functions of their eigenvalues on adjoint representation
in terms of the universal parameters. This extends the universal representation
of such scalar characteristics of simple Lie (super)algebras as dimensions and the
eigenvalues of the quadratic Casimirs [1, 2, 3] to the spectra of higher order Casimir
operators.
As we have seen above the very existence of a universal formula of a certain
type has a non-trivial consequences and sometimes allows one making calculations
completely within classical series to get answers for all exceptional cases too, which
looks remarkable.
One can ask about the similar formulas for other Casimir operators, in partic-
ular for the minimal degree algebraic generators. The problem is that it seems to
be impossible to give a universal definition of such generators for all simple Lie
algebras.
An interesting question is to see how all this works for the eigenvalues of the
symmetric Casimir operators (6), which is another universal choice. In the quartic
case these eigenvalues are given in Table 7.3 of [16] and for the orthogonal Lie
algebras so(n) are
Cs4 =
(n− 2)(n3 − 15n2 + 138n− 296)
24
.
If we make the same assumptions about universal expressions and repeat the cal-
culations as in the non-symmetric case above we can make a prediction (compare
with (8), (21))
(22) Cs4 =
−4t3 + 9tt2 − 3t3
48t3
,
which can be checked for all other simple Lie algebras as well. Duflo isomorphism
[18] could be helpful to compute the universal formulas for higher order symmetric
Casimir operators. This possibility is currently under investigation.
We would like to mention also that an extension of the universality approach to
Chern-Simons theory and affine Kac-Moody algebras is discussed in [19]
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